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Abstract
The paper is concerned with the realizability problem of branched coverings of S2, namely, given
a collection of partitions of a positive integer d, whether there is a branched covering M → S2 with
it as branch data. By reducing to the enumeration of a special type of fat graphs, we deduce a formula
in terms of characters of symmetric groups to decide the problem. Computation further shows that
the difficulty of the problem only lies in the case when the genus of the covering surface is 0 or 1.
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1. Introduction
Definition 1. Let M and N denote closed, connected surfaces. A smooth map φ :M → N is
a degree d branched covering if for each x ∈ N there is a partition μ(x) = [a1, . . . , ar ] of d
such that, over a neighborhood of x in N , φ is equivalent to the map f : {1, . . . , r}×C → C
where f (i, z) = zai and x corresponds to 0 in C. The set of points x ∈ N for which μ(x) is
not the trivial partition [1,1, . . . ,1] of d constitutes the branch set Bφ of φ. The collection
D = {μ(x) | x ∈ Bφ} (with repetitions allowed) is called the branch data of φ.
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H. Zheng / Topology and its Applications 153 (2006) 2124–2134 2125In the classical work [5], Hurwitz studied the realizability problem of branched cover-
ings. That is, given a closed, connected surface N and a collection D of partitions of a
positive integer d , whether there is a branched covering φ :M → N with D as branch data.
Hurwitz reduced the question to a problem about realizing partitions by suitable per-
mutations in the symmetric groups. To describe this, recall that each element α ∈ Σd of
the symmetric group may be written uniquely as a product of disjoint cycles, and the cycle
lengths give rise to a partition ‖α‖ of d. Two elements of Σd are conjugate if and only
if they have the same cycle lengths, thus each partition μ  d naturally corresponds to a
conjugate class Cμ of Σd . The realizability problem, for example, in the N = S2 case is
reduced to
Lemma 2. [5] Let D = {μ1, . . . ,μk} be a collection of nontrivial partitions of d , then D
is the branch data for a branched covering of S2 if and only if there exist α1, . . . , αk ∈
Σd such that αi ∈ Cμi , α1 · · ·αk = 1 and the subgroup 〈α1, . . . , αk〉 of Σd generated by
{α1, . . . , αk} acts transitively on {1, . . . , d}.
However, such conditions are rather difficult to verify. Later, fairly easy sufficient and
necessary conditions were found to answer the question provided N = S2. In fact, if
we require the covering surface admit the same orientability as N , it suffices to con-
sider the total branching v(D) =∑ki=1∑rij=1(ai,j − 1) =∑ki=1(d − ri) of the collection
D = {[a1,1, . . . , a1,r1], . . . , [ak,1, . . . , ak,rk ]}.
Theorem 3. ([3,6], see also [2]) Let D = {μ1, . . . ,μk} be a collection of nontrivial parti-
tions of d . For N = S2, D is the branch data for a branched covering of φ :M → N with
M admitting the same orientability as N if and only if v(D) is even, with an extra condition
v(D) d − 1 for N = RP 2.
Quite on the contrary, the realizability problem over S2 is proved to be quite complicated
and is far from understood yet. Several partial results are given in [1,2,4]. An important
necessary condition, referred to as Hurwitz condition, is an easy consequence of Riemann–
Hurwitz formula. Precisely, if D is the branch data for a branched covering φ :M → S2,
then Riemann–Hurwitz formula says v(D) = dχ(S2) − χ(M) = 2(d + g(M) − 1), thus
v(D) is even and v(D) 2d − 2.
In this paper, we study the problem by reducing it to the enumeration of a special type
of fat graphs.
First, in Section 2, we reduce the problem and set up a generating function Fk ,
which is a formal series in the variables {tij | i = 1, . . . , k, j = 1,2, . . .}. A collec-
tion D = {[a1,1, . . . , a1,r1 ], . . . , [ak,1, . . . , ak,rk ]} of nontrivial partitions is the branch data
for a branched covering of S2 if and only if, in Fk , the coefficient of the monomial∏k
i=1
∏ri
j=1 ti,ai,j is nonzero.
Then in Section 3, we succeed in expressing the generating function in terms of char-
acters of symmetric groups. Associating to each secondary partition ω (see Definition 12)
a rational number r(ω) and a polynomial s(ω), we establish the following formula.
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Fk =
∞∑
d=1
(−1)d
∑
ωd
r(ω)
k∏
i=1
s(ω; ti1, . . . , tid ).
The formula is proved to be very effective in practice and makes it possible to check large
numbers of branch data by computer.
In the final section, we present and discuss some computational results. It is remarkable
that computation shows the difficulty of the realizability problem over S2 only lies in the
case when the genus of the covering surface is 0 or 1. The following conjecture is true at
least for d  20.
Conjecture 5. Let D = {μ1, . . . ,μk} be a collection of nontrivial partitions of d and M
be a closed, connected, orientable surface of genus g  2. Then D is the branch data for
a branched covering M → S2 if and only if v(D) = 2(d + g − 1) and D is not one of the
followings.
{[2,2], [2,2], . . . , [2,2], [1,3]}
(k  5, d = 4, v(D) = 2k),{[2, . . . ,2], [2, . . . ,2], [2, . . . ,2], [1,3,3,3,3,3]}
(k = 4, d = 16, v(D) = 2d + 2),{[2, . . . ,2], [2, . . . ,2], [2, . . . ,2], [2, . . . ,2,3,5]}
(k = 4, d  8 even, v(D) = 2d + 2).
2. Fat graph and generating functions
Fix an integer k  2. Let Pk ⊂ R2 denote the unit regular 4(k − 1)-gon, whose edges
are labelled consecutively by (Fig. 1)
e1, l1, e2, l2, . . . , ek−1, lk−1, ek, rk−1, ek−1, . . . , r2, e2, r1.
Fig. 1. Pk and P ∗k .
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Definition 6. A fat graph of Pk type is a quotient space of several copies of Pk , where the
edge of each Pk labelled by li is identified to the edge of some Pk labelled by ri via an
orientation reversing isometry.
By definition, a fat graph of Pk type is a compact, orientable surface (may be discon-
nected), which may be regarded as the “fat" copy of an embedded graph (see Fig. 2).
Definition 7. A homeomorphism φ :Γ1 → Γ2 of two fat graphs of Pk type is called an
isomorphism, if φ maps each Pk component of Γ1 onto a Pk component of Γ2 via a label-
preserving isometry.
Let P ∗k denote the unique fat graph of Pk type that consists of precisely one copy of Pk
(Fig. 1). Note that P ∗k topologically is the surface S2 minus k copies of disjoint open disks,
with the boundary components labelled by e1, e2, . . . , ek . Moreover, every connected fat
graph of Pk type naturally is a covering surface of P ∗k .
Let Γ be a fat graph of Pk type, constructed from d copies of Pk . Attaching disks to
both Γ and P ∗k , and extending the covering map onto these disks, one obtains a branched
covering of S2 with k branch points (covering surface may be disconnected). The branch
data (with trivial partitions allowed) gives rise to a k-tuple D(Γ ) = (μ1, . . . ,μk), where
μi is the partition of d corresponding to the branch point associated to the boundary com-
ponent of P ∗k labelled by ei . Conversely, every branched covering of S2 may be obtained
in this way.
Denote by Δd,k the set of all k-tuples of partitions of d . Consider the generating func-
tions in the variables {tij | i = 1, . . . , k, j = 1,2, . . .}
Fk =
∞∑
d=1
(−1)d
∑
connected Γ :D(Γ )∈Δd,k
tD(Γ )
|Aut(Γ )| ,
Zk = 1 +
∞∑
d=1
(−1)d
∑
Γ :D(Γ )∈Δd,k
tD(Γ )
|Aut(Γ )| .
Here the sums are taken over isomorphism classes of fat graphs, Aut(Γ ) denotes the au-
tomorphism group of Γ , tD = tμ11 · · · tμkk for D = (μ1, . . . ,μk), and tμi = ti,a1 · · · ti,ar for a
partition μ = [a1, . . . , ar ].
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respectively given by
f (D) = (−1)d
∑
connected Γ :D(Γ )=D
1
|Aut(Γ )| ,
z(D) = (−1)d
∑
Γ :D(Γ )=D
1
|Aut(Γ )| .
Therefore, a collection {μ1, . . . ,μk} of nontrivial partitions of d is the branch data for
a branched covering of S2 if and only if f (μ1, . . . ,μk) = 0.
The following lemma is a canonical result in graph enumeration. It relates the counting
of connected graphs to that of general graphs via an exponential function.
Lemma 8. Zk = expFk .
Proof. Suppose Γ = n1Γ1 ∪ · · ·∪nlΓl , where Γ1, · · · ,Γl are distinct connected fat graphs
of Pk type. Then
tD(Γ ) = (tD(Γ1))n1 · · · (tD(Γl))nl ,∣∣Aut(Γ )∣∣= n1!∣∣Aut(Γ1)∣∣n1 · · ·nl !∣∣Aut(Γl)∣∣nl .
Comparing these equalities with the definitions of Fk and Zk , one obtains the lemma. 
Before concluding this section, we prepare a technical lemma for the next section, which
allows us to study graph enumeration in the language of symmetric groups.
Lemma 9. For every D ∈ Δd,k , (−1)d(d!)z(D) is precisely the number of the elements in
the set
Z(D) = {(α1, . . . , αk) | αi ∈ Cμi , α1 · · ·αk = 1}.
Proof. Let Γ = P 1k ∪ · · · ∪Pdk be a fat graph of Pk type, consisting of d copies of Pk , with
D(Γ ) = D. Then there exist β1, . . . , βk−1 ∈ Σd such that the edge of P ik labelled by lj is
attached to the edge of Pβj (i)k labelled by rj for all 1 i  d and 1 j  k − 1. Further,
(β1, β
−1
1 β2, . . . , β
−1
k−2βk−1, β
−1
k−1) gives rise to an element of Z(D).
Conversely, for every element of Z(D), the reversal process gives rise to a fat graph of
Pk type, and there are precisely d!/|Aut(Γ )| elements of Z(D) giving rise to the same fat
graph Γ . Therefore,
∣∣Z(D)∣∣= ∑
Γ :D(Γ )=D
d!
|Aut(Γ )| = (−1)
d(d!)z(D). 
Remark 10. Note that, in the proof, the fat graph given by (α1, . . . , αk) ∈ Z(D) is con-
nected if and only if the subgroup 〈α1, . . . , αk〉 of Σd acts transitively on {1, . . . , d}.
Therefore, the number of such elements in Z(D) is precisely (−1)d(d!)f (D). Especially,
this gives an alternative proof of Lemma 2.
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In this section, we will employ several standard results in the representation theory of
symmetric groups. For details on this subject, reader is referred to [7].
The set of equivalence classes of irreducible complex representations of the symmetric
group Σd is in one–one correspondence to the set of partitions of d . Let ρμ, ζμ and Cμ
denote the irreducible representation, the character and the conjugacy class of Σd corre-
sponding to μ  d , respectively.
Lemma 11. For D = (μ1, . . . ,μk) ∈ Δd,k , we have
z(D) = (−1)d
∑
μd
(
dimρμ
d!
)2 k∏
i=1
ζμ(Cμi )|Cμi |
dimρμ
.
Proof. Let σ denote the regular representation of Σd . Then for every α ∈ Σd ,
trσ(α) =
{
d!, α = 1,
0, α = 1.
Since the regular representation admits the decomposition
σ =
∑
μd
dimρμ · ρμ,
therefore by Lemma 9 we have
z(D) = (−1)
d
(d!)2
∑
α1∈Cμ1
· · ·
∑
αk∈Cμk
trσ(α1 · · ·αk)
= (−1)
d
(d!)2
∑
μd
dimρμ
∑
α1∈Cμ1
· · ·
∑
αk∈Cμk
trρμ(α1 · · ·αk)
= (−1)
d
(d!)2
∑
μd
dimρμtr
k∏
i=1
( ∑
α∈Cμi
ρμ(α)
)
.
Note that for every β ∈ Σd ,
ρμ(β)
∑
α∈Cμi
ρμ(α) =
∑
α∈Cμi
ρμ
(
βαβ−1
)
ρμ(β) =
∑
α∈Cμi
ρμ(α)ρμ(β).
It follows from Schur’s lemma that
∑
α∈Cμi ρ
μ(α) is a scalar matrix. Further, by the defi-
nition of character, we have
∑
α∈Cμi
ρμ(α) = ζ
μ(Cμi )|Cμi |
dimρμ
ρμ(1).
Thus
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d
(d!)2
∑
μd
dimρμtr
k∏
i=1
ζμ(Cμi )|Cμi |
dimρμ
ρμ(1)
= (−1)d
∑
μd
(
dimρμ
d!
)2 k∏
i=1
ζμ(Cμi )|Cμi |
dimρμ
. 
As a consequence, we have the formula
Zk = 1 +
∞∑
d=1
(−1)d
∑
μd
(
dimρμ
d!
)2 k∏
i=1
(∑
νd
ζμ(Cν)|Cν |
dimρμ
tνi
)
.
To derive a similar formula for Fk , we need the notion of secondary partition.
Definition 12. ω = [μ1, . . . ,μn] is called a secondary partition of d and one writes
ω  d , if there are positive integers d1, . . . , dn such that μj  dj and [d1, . . . , dn]  d .
For each secondary partition ω = [μ1, . . . ,μn]  d with μj  dj , set
r(ω) = (−1)
n−1
n
n!
n1! · · ·nm!
n∏
j=1
(
dimρμj
dj !
)2
,
s(ω; ti1, . . . , tid ) =
n∏
j=1
(∑
νdj
ζμj (Cν)|Cν |
dimρμj
tνi
)
,
where n1, . . . , nm are the multiplicities of the components {μ1, . . . ,μn} of ω (especially,
n1 + · · · + nm = n). Substituting the expression of Zk into the power series
log(1 + x) =
∞∑
n=1
(−1)n−1
n
xn,
one obtains Theorem 4.
Note that, in fact, the polynomial
∑
ωd
r(ω)
k∏
i=1
s(ω; ti1, . . . , tid )
carries all the information concerning the realizability problem over S2 of degree d with k
branch points. Therefore, to check the realizability problem over S2 of degree d , it suffices
to calculate the rational numbers r(ω) and the polynomials s(ω) for all ω  d .
For example, in the d = 3 case, according to Table 1 we have
∑
ω3
r(ω)
3∏
i=1
s(ω; ti1, ti2, ti3)
= 1
3
t31,1t2,3t3,3 +
1
3
t1,3t
3
2,1t3,3 +
1
3
t1,3t2,3t
3
3,1 +
1
3
t1,3t2,3t3,3
+ t1,1t1,2t2,1t2,2t3,3 + t1,1t1,2t2,3t3,1t3,2 + t1,3t2,1t2,2t3,1t3,2.
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ω r(ω) s(ω; t1, t2, t3)[ [3] ] 1/36 t31 + 3t1t2 + 2t3[ [2,1] ] 1/9 t31 − t3[ [1,1,1] ] 1/36 t31 − 3t1t2 + 2t3[ [2], [1] ] −1/4 t31 + t1t2[ [1,1], [1] ] −1/4 t31 − t1t2[ [1], [1], [1] ] 1/3 t31
Hence there are total two branch data{[1,2], [1,2], [3]} and {[3], [3], [3]}
for degree 3 branched coverings of S2 with 3 branch points.
Remark 13. To apply the formula, one may use the Murnaghan–Nakayama rule (a re-
cursive formula, see, for example, [7]) to calculate the character ζμ and determine the
dimension of ρμ via the identity dimρμ = ζμ(1). Moreover, note that a rational number
a/b ∈ Q is nonvanishing whenever for some prime number p  b, ab−1 ∈ Z/pZ is nonzero.
In practice, it is more convenient to carry out the computation of the generating function
in sufficiently many finite fields rather than Q.
4. Computational results
In this section, let D = {μ1, . . . ,μk} be a collection of nontrivial partitions of a positive
integer d and say D is realizable for short if D is the branch data for a branched covering
of S2.
With a C++ program we computed all the rational numbers r(ω) and polynomials s(ω)
for ω  d , d  20, thus the generating function F3 up to d = 20. Computation shows that,
for k = 3 and d  20, D is always realizable if one of the following conditions holds.
(1) d is prime and D satisfies the Hurwitz condition.
(2) v(D) is even and v(D) 2d + 2.
This suggests the following conjectures. (Note that the second one rephrases Conjecture 5.)
Conjecture 14. [2] Suppose d is prime. Then D is realizable if and only if D satisfies the
Hurwitz condition, that is, v(D) is even and v(D) 2d − 2.
Conjecture 15. Suppose v(D) is even and v(D) 2d + 2. Then D is realizable if and only
if D is not one of the followings.{[2,2], [2,2], . . . , [2,2], [1,3]}
(k  5, d = 4, v(D) = 2k),
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(k = 4, d = 16, v(D) = 2d + 2),{[2, . . . ,2], [2, . . . ,2], [2, . . . ,2], [2, . . . ,2,3,5]}
(k = 4, d  8 even, v(D) = 2d + 2).
The first conjecture was proposed in [2] and, there, it was reduced to the consideration
of the k = 3 case. Via similar but much more lengthy arguments, the second conjecture
may also be reduced to the consideration of the k = 3 case. Therefore, according to our
computation, both conjectures are true for d  20.
Shown in Tables 2 and 3 are some non-realizable D with k = 3 and v(D) = 2d − 2,
2d .
A further computation of the generating function Fk for k > 3 reveals the mystery of
the condition that d is prime in Conjecture 14. The following conjecture is also true for
d  20.
Table 2
All non-realizable D with k = 3, d  10 and v(D) = 2d − 2
d D d D
4 [1,3], [2,2], [2,2] 10 [1,1,1,3,4], [2,2,2,2,2], [5,5]
6 [1,1,1,3], [3,3], [3,3] 10 [1,1,1,7], [2,2,2,2,2], [2,2,6]
6 [1,1,4], [2,2,2], [2,4] 10 [1,1,1,7], [2,2,2,2,2], [2,4,4]
6 [1,2,3], [2,2,2], [3,3] 10 [1,1,1,7], [2,2,2,4], [2,2,2,4]
6 [1,5], [2,2,2], [2,2,2] 10 [1,1,2,6], [2,2,2,2,2], [2,2,6]
6 [2,2,2], [2,2,2], [2,4] 10 [1,1,2,6], [2,2,2,2,2], [2,4,4]
8 [1,1,1,1,1,3], [4,4], [4,4] 10 [1,1,2,6], [2,2,2,4], [2,2,2,4]
8 [1,1,1,5], [2,2,2,2], [2,6] 10 [1,1,4,4], [2,2,2,2,2], [2,3,5]
8 [1,1,1,5], [2,2,2,2], [4,4] 10 [1,1,8], [2,2,2,2,2], [2,2,2,4]
8 [1,1,1,5], [2,2,4], [2,2,4] 10 [1,2,2,2,3], [2,2,2,2,2], [5,5]
8 [1,1,3,3], [2,2,2,2], [3,5] 10 [1,2,7], [2,2,2,2,2], [2,2,2,4]
8 [1,1,6], [2,2,2,2], [2,2,4] 10 [1,3,3,3], [1,3,3,3], [1,3,3,3]
8 [1,2,2,3], [2,2,2,2], [4,4] 10 [1,3,3,3], [1,3,3,3], [2,2,2,4]
8 [1,2,5], [2,2,2,2], [2,2,4] 10 [1,3,3,3], [1,3,6], [2,2,2,2,2]
8 [1,3,4], [2,2,2,2], [2,3,3] 10 [1,3,3,3], [2,2,2,2,2], [2,2,6]
8 [1,7], [2,2,2,2], [2,2,2,2] 10 [1,3,3,3], [2,2,2,2,2], [2,4,4]
8 [2,2,2,2], [2,2,2,2], [2,6] 10 [1,3,3,3], [2,2,2,2,2], [3,3,4]
8 [2,2,2,2], [2,2,2,2], [3,5] 10 [1,3,3,3], [2,2,2,4], [2,2,2,4]
8 [2,2,2,2], [2,2,4], [2,3,3] 10 [1,3,6], [2,2,2,2,2], [2,2,2,4]
9 [1,1,1,1,1,4], [3,3,3], [3,6] 10 [1,4,5], [2,2,2,2,2], [2,2,3,3]
9 [1,1,1,1,5], [3,3,3], [3,3,3] 10 [1,9], [2,2,2,2,2], [2,2,2,2,2]
9 [1,1,1,2,4], [3,3,3], [3,3,3] 10 [2,2,2,2,2], [2,2,2,2,2], [2,8]
9 [1,2,2,2,2], [1,4,4], [3,3,3] 10 [2,2,2,2,2], [2,2,2,2,2], [3,7]
9 [1,2,2,2,2], [2,2,5], [3,3,3] 10 [2,2,2,2,2], [2,2,2,2,2], [4,6]
9 [1,2,2,2,2], [3,3,3], [3,3,3] 10 [2,2,2,2,2], [2,2,2,4], [2,2,6]
10 [1,1,1,1,1,1,1,3], [5,5], [5,5] 10 [2,2,2,2,2], [2,2,2,4], [2,4,4]
10 [1,1,1,1,6], [2,2,2,2,2], [2,8] 10 [2,2,2,2,2], [2,2,2,4], [3,3,4]
10 [1,1,1,1,6], [2,2,2,2,2], [4,6] 10 [2,2,2,2,2], [2,2,3,3], [2,3,5]
10 [1,1,1,1,6], [2,2,2,4], [2,2,6] 10 [2,2,2,4], [2,2,2,4], [2,2,2,4]
10 [1,1,1,1,6], [2,2,2,4], [2,4,4]
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All non-realizable D with k = 3, d  20 and v(D) = 2d
d D
6 [2,4], [3,3], [3,3]
8 [2,2,2,2], [3,5], [4,4]
9 [2,3,4], [3,3,3], [3,3,3]
10 [2,2,2,2,2], [2,3,5], [5,5]
12 [2,2,2,2,2,2], [2,2,3,5], [6,6]
12 [2,2,2,2,2,2], [3,3,3,3], [5,7]
12 [2,2,2,2,2,2], [3,4,5], [4,4,4]
12 [2,3,3,4], [3,3,3,3], [3,3,3,3]
14 [2,2,2,2,2,2,2], [2,2,2,3,5], [7,7]
15 [1,2,4,4,4], [3,3,3,3,3], [3,3,3,3,3]
15 [2,3,3,3,4], [3,3,3,3,3], [3,3,3,3,3]
16 [1,3,3,3,3,3], [2,2,2,2,2,2,2,2], [8,8]
16 [1,3,6,6], [2,2,2,2,2,2,2,2], [4,4,4,4]
16 [1,5,5,5], [2,2,2,2,2,2,2,2], [4,4,4,4]
16 [2,2,2,2,2,2,2,2], [2,2,2,2,3,5], [8,8]
16 [2,2,2,2,2,2,2,2], [2,2,5,7], [4,4,4,4]
16 [2,2,2,2,2,2,2,2], [3,3,3,7], [4,4,4,4]
16 [2,2,2,2,2,2,2,2], [3,4,4,5], [4,4,4,4]
18 [2,2,2,2,2,2,2,2,2], [2,2,2,2,2,3,5], [9,9]
18 [2,2,2,2,2,2,2,2,2], [2,4,4,4,4], [3,5,5,5]
18 [2,2,2,2,2,2,2,2,2], [2,7,9], [3,3,3,3,3,3]
18 [2,2,2,2,2,2,2,2,2], [3,3,3,3,3,3], [3,6,9]
18 [2,2,2,2,2,2,2,2,2], [3,3,3,3,3,3], [4,5,9]
18 [2,2,2,2,2,2,2,2,2], [3,3,3,3,3,3], [5,6,7]
18 [2,2,2,2,2,8], [3,3,3,3,3,3], [3,3,3,3,3,3]
18 [2,3,3,3,3,4], [3,3,3,3,3,3], [3,3,3,3,3,3]
20 [2,2,2,2,2,2,2,2,2,2], [2,2,2,2,2,2,3,5], [10,10]
20 [2,2,2,2,2,2,2,2,2,2], [2,2,2,2,5,7], [5,5,5,5]
20 [2,2,2,2,2,2,2,2,2,2], [3,3,3,3,3,5], [5,5,5,5]
20 [2,2,2,2,2,2,2,2,2,2], [3,4,4,4,5], [4,4,4,4,4]
Conjecture 16. Suppose d = d ′d ′′ where d ′ is the minimal prime factor of d and d ′′ > 2
(that is, d is not prime and d = 4). Then D is realizable provided that D satisfies the
Hurwitz condition and k > d ′′ + 1. Moreover, the condition k > d ′′ + 1 is sharp in the
sense that
{[d ′, . . . , d ′], [d ′, . . . , d ′], [1, . . . ,1, d ′′ + 1], [1, . . . ,1,2], . . . , [1, . . . ,1,2]}
(k = d ′′ + 1, v = 2d − 2)
is non-realizable.
Remark 17. In [2], it is shown that, for d = 4, D is realizable provided that v(D) is
even and v(D) 3d − 3. Conjecture 15 implies that the condition v(D) 3d − 3 may be
improved to be v(D) 2d + 4.
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